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CHAPTER

3

THE
STEADY
MAGNETIC
FIELD

At this point the concept of a field should be a familiar one. Since we first
accepted the experimental law of forces existing between two point charges
and defined electric field intensity as the force per unit charge on a test charge
in the presence of a second charge, we have discussed numerous fields. These
fields possess no real physical basis, for physical measurements must always be in
terms of the forces on the charges in the detection equipment. Those charges
which are the source cause measurable forces to be exerted on other charges,
which we may think of as detector charges. The fact that we attribute a field to
the source charges and then determine the effect of this field on the detector
charges amounts merely to a division of the basic problem into two parts for
convenience.

We shall begin our study of the magnetic field with a definition of the
magnetic field itself and show how it arsies from a current distribution. The
effect of this field on other currents, or the second half of the physical problem,
will be discussed in the following chapter. As we did with the electric field, we
shall confine our initial discussion to free-space conditions, and the effect of
material media will also be saved for discussion in the following chapter.

The relation of the steady magnetic field to its source is more complicated
than is the relation of the electrostatic field to its source. We shall find it neces-
sary to accept several laws temporarily on faith alone, relegating their proof to
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the (rather difficult) final section in this chapter. This section may well be
omitted when studying magnetic fields for the first time. It is included to make
acceptance of the laws a little easier; the proof of the laws does exist and is
available for the disbelievers or the more advanced student.

8.1 BIOT-SAVART LAW

The source of the steady magnetic field may be a permanent magnet, an electric
field changing linearly with time, or a direct current. We shall largely ignore the
permanent magnet and save the time-varying electric field for a later discussion.
Our present relationships will concern the magnetic field produced by a differ-
ential dc element in free space.

We may think of this differential current element as a vanishingly small
section of a current-carrying filamentary conductor, where a filamentary con-
ductor is the limiting case of a cylindrical conductor of circular cross section as
the radius approaches zero. We assume a current / flowing in a different vector
length of the filament dL. The law of Biot-Savart' then states that at any point P
the magnitude of the magnetic field intensity produced by the differential ele-
ment is proportional to the product of the current, the magnitude of the differ-
ential length, and the sine of the angle lying between the filament and a line
connecting the filament to the point P at which the field is desired; also, the
magnitude of the magnetic field intensity is inversely proportional to the square
of the distance from the differential element to the point P. The direction of the
magnetic field intensity is normal to the plane containing the differential filament
and the line drawn from the filament to the point P. Of the two possible normals,
that one is to be chosen which is in the direction of progress of a right-handed
screw turned from dL through the smaller angle to the line from the filament to
P. Using rationalized mks units, the constant of proportionality is 1/4z.

The Biot-Savart law, described above in some 150 words, may be written
concisely using vector notation as

IdL x ap  IdL xR
aH = 47R?2  4nR3

()

The units of the magnetic field intensity H are evidently amperes per meter (A/m).
The geometry is illustrated in Fig. 8.1. Subscripts may be used to indicate the
point to which each of the quantities in (1) refers. If we locate the current element
at point 1 and describe the point P at which the field is to be determined as point
2, then

! Biot and Savart were colleagues of Ampére, and all three were professors of physics at the Collége de
France at one time or another. The Biot-Savart law was proposed in 1820.
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Free space "
. . Ry,
(Point 1) e P
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/ FIGURE 8.1
o LdL, Xag;, The law of Biot-Savart expresses the magnetic field inten-
l’| il dHy=——= . s s
4 2 47 an sity dH, produced by a differential current element
I,dL,. The direction of dHj; is into the page.
I] dL] X apr12
dHy = —————= 2
47 Ry,

The law of Biot-Savart is sometimes called Ampeére’s law for the current
element, but we shall retain the former name because of possible confusion with
Ampere’s circuital law, to be discussed later.

In some aspects, the Biot-Savart law is reminiscent of Coulomb’s law when
that law is written for a differential element of charge,

_dQiagn2

dE, =
? 47T€0R%2

Both show an inverse-square-law dependence on distance, and both show a
linear relationship between source and field. The chief difference appears in
the direction of the field.

It is impossible to check experimentally the law of Biot-Savart as expressed
by (1) or (2) because the differential current element cannot be isolated. We have
restricted our attention to direct currents only, so the charge density is not a
function of time. The continuity equation in Sec. 5.2, Eq. (5),

9Py
V.J=—
ot
therefore shows that
V-J=0
or upon applying the divergence theorem,
% J-dS=0

The total current crossing any closed surface is zero, and this condition may be
satisfied only by assuming a current flow around a closed path. It is this current
flowing in a closed circuit which must be our experimental source, not the
differential element.
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It follows that only the integral form of the Biot-Savart law can be verified
experimentally,

4 R?

H:{)]deaR 3)

Equation (1) or (2), of course leads directly to the integral form (3), but
other differential expressions also yield the same integral formulation. Any term
may be added to (1) whose integral around a closed path is zero. That is, any
conservative field could be added to (1). The gradient of any scalar field always
yields a conservative field, and we could therefore add a term VG to (1), where G
is a general scalar field, without changing (3) in the slightest. This qualification
on (1) or (2) is mentioned to show that if we later ask some foolish questions, not
subject to any experimental check, concerning the force exerted by one differ-
ential current element on another, we should expect foolish answers.

The Biot-Savart law may also be expressed in terms of distributed sources,
such as current density J and surface current density K. Surface current flows in a
sheet of vanishingly small thickness, and the current density J, measured in
amperes per square meter, is therefore infinite. Surface current density, however,
is measured in amperes per meter width and designated by K. If the surface
current density is uniform, the total current / in any width b is

I =Kb
where we have assumed that the width b is measured perpendicularly to the

direction in which the current is flowing. The geometry is illustrated by Fig.
8.2. For a nonuniform surface current density, integration is necessary:

I= / KdN “4)

where dN is a differential element of the path across which the current is flowing.
Thus the differential current element 7 dL, where dL is in the direction of the

FIGURE 8.2

The total current I within a transverse width b, in
which there is a uniform surface current density
K, is Kb.
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current, may be expressed in terms of surface current density K or current density
J,

1dL=KdS =Jdv ®)
and alternate forms of the Biot-Savart law obtained,
K x aRdS
H= 6
/ 4 R? ©)
and
J x agpdv
H=
/ C47R? )

We may illustrate the application of the Biot-Savart law by considering an
infinitely long straight filament. We shall apply (2) first and then integrate. This,
of course, is the same as using the integral form (3) in the first place.’

Referring to Fig. 8.3, we should recognize the symmetry of this field. No
variation with z or with ¢ can exist. Point 2, at which we shall determine the field,
is therefore chosen in the z = 0 plane. The field point r is therefore r = pa,. The
source point r’ is given by r’ = z'a., and therefore

Rpo=r—r'=pa,—z'a.

(Point 1)

pPa, (Point 2)
FIGURE 8.3
Tf An infinitely long straight filament carrying a
direct current /. The field at point 2 is

= (I/27p)ay.

2 The closed path for the current may be considered to include a return filament parallel to the first
filament and infinitely far removed. An outer coaxial conductor of infinite radius is another theoretical
possibility. Practically, the problem is an impossible one, but we should realize that our answer will be
quite accurate near a very long straight wire having a distant return path for the current.
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so that

pa, —z'a,

aRri2 = \/ﬁ
We take dL = dz'a, and (2) becomes
Idz'a. x (pa, —z'a;)
An(p? + 2z 2)*?

Since the current is directed toward increasing values of z’, the limits are —oo
and oo on the integral, and we have

H _/'Oo Idz'a. x (pa, —z'a;)
T a4z
I (™ pdz'a,
T Ax —oo(,02+2’2)3/2

At this point the unit vector a,, under the integral sign should be investigated, for
it is not always a constant, as are the unit vectors of the cartesian coordinate
system. A vector is constant when its magnitude and direction are both constant.
The unit vector certainly has constant magnitude, but its direction may change.
Here ay changes with the coordinate ¢ but not with p or z. Fortunately, the
integration here is with respect to z’, and a4 is a constant and may be removed
from under the integral sign,

dH, =

Ipay (> dz’
H; = 4 2L 1232
T Jooo(p”+2"?)

/

_ Ipay z ‘00
—00

ANy

and

1
H, =—
2 27p Ay ®)

The magnitude of the field is not a function of ¢ or z and it varies inversely
as the distance from the filament. The direction of the magnetic-field-intensity
vector is circumferential. The streamlines are therefore circles about the filament,
and the field may be mapped in cross section as in Fig. 8.4.

The separation of the streamlines is proportional to the radius, or inversely
proportional to the magnitude of H. To be specific, the streamlines have been
drawn with curvilinear squares in mind. As yet we have no name for the family of
lines® which are perpendicular to these circular streamlines, but the spacing of

3 If you can’t wait, see Sec. 8.6
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_ , FIGURE 8.4
"\ . ),-" The streamlines of the magnetic field intensity about an infi-
) e nitely long straight filament carrying a direct current /. The
~— direction of / is into the page.

the streamlines has been adjusted so that the addition of this second set of lines
will produce an array of curvilinear squares.

A comparison of Fig. 8.4 with the map of the electric field about an infinite
line charge shows that the streamlines of the magnetic field correspond exactly to
the equipotentials of the electric field, and the unnamed (and undrawn) perpen-
dicular family of lines in the magnetic field corresponds to the streamlines of the
electric field. This correspondence is not an accident, but there are several other
concepts which must be mastered before the analogy between electric and mag-
netic fields can be explored more thoroughly.

Using the Biot-Savart law to find H is in many respects similar to the use of
Coulomb’s law to find E. Each requires the determination of a moderately
complicated integrand containing vector quantities, followed by an integration.
When we were concerned with Coulomb’s law we solved a number of examples,
including the fields of the point charge, line charge, and sheet of charge. The law
of Biot-Savart can be used to solve analogous problems in magnetic fields, and
some of these problems now appear as exercises at the end of the chapter rather
than as examples here.

One useful result is the field of the finite-length current element, shown in
Fig. 8.5. It turns out (see Prob. 8 at the end of the chapter) that H is most easily
expressed in terms of the angles & and a», as identified in the figure. The result is

I . .
H=—(sinay —sinay)ay 9
4p

If one or both ends are below point 2, then «;, or both «; and «», are negative.

Equation (9) may be used to find the magnetic field intensity caused by
current filaments arranged as a sequence of straight line segments.
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FIGURE 8.5

The magnetic field intensity caused by a finite-
length current filament on the =z axis is
(I /Amp)(sinas — sinay)ay.

As a numerical example illustrating the use of (9), let us determine H at P»(0.4, 0.3, 0) in
the field of an 8-A filamentary current directed inward from infinity to the origin on the
positive x axis, and then outward to infinity along the y axis. This arrangement is shown

in Figure 8.6.

Solution. We first consider the semi-infinite current on the x axis, identifying the two
angles, a;, = —90° and a,, = tan~'(0.4/0.3) = 53.1°. The radial distance p is measured
from the x axis, and we have p, = 0.3. Thus, this contribution to Hj is

‘ 8A

{ II. ¥
BA, f_ly
ay, 7 I,“\\‘a2y
¢ —g— —1

a.xn.‘ / Py(0.4,0.3, 0)
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FIGURE 8.6

The individual fields of two semi-infi-
nite current segments are found by (9)
and added to obtain H, at P».
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2 12
HZ(x) - (0 3)(SlI‘l 53.1°+ 1)a¢ = .3]_[(1‘8)3(15 = ;ad,
The unit vector ag, must also be referred to the x axis. We see that it becomes —a..
Therefore,
12
Hyy=——a. A
2(x) . 2 /m
For the current on the y axis, we have o, = — tan—'(0.3/0.4) = —36.9°, o, =90°, and

py = 0.4. Tt follows that

8 8
H,,) = o (04)(1+sm369)( a)——;a~ A/m

Adding these results, we have

20
Hy = Hy) + Hyy) = 8= —6.37a. A/m

l/ D8.1. Given the following values for Py, P,, and I} Ay, calculate AH,: (@) P;(0,0,2),
Py(4,2,0), 2rma.uA-m; (b)) Pi(0,2,0), P2(4,2,0), 2ma.puA-m; () Pi(1,2,3),
Py(=3,-1,2), 2n(—a, +a, + 2a.)uA - m.

Ans. —8.51a, 4+ 17.01a, nA/m; 16a, nA/m; 3.77a, — 6.79a, + 5.28a. nA/m

¢/ D82. A current filament carrying 15 A in the a. direction lies along the entire z axis.
Find H in cartesian coordinates at: (a) P4(+/20,0,4); (b) Pp(2, —4,4).

Ans. 0.534a, A/m; 0.477a, 4 0.239a, A/m

8.2 AMPERE’S CIRCUITAL LAW

After solving a number of simple electrostatic problems with Coulomb’s law, we
found that the same problems could be solved much more easily by using Gauss’s
law whenever a high degree of symmetry was present. Again, an analogous
procedure exists in magnetic fields. Here, the law that helps us solve problems
more easily is known as Ampére’s circuital® law, sometimes called Ampére’s
work law. This law may be derived from the Biot-Savart law, and the derivation
is accomplished in Sec. 8.7. For the present we might agree to accept Ampere’s
circuital law temporarily as another law capable of experimental proof. As is the
case with Gauss’s law, its use will also require careful consideration of the
symmetry of the problem to determine which variables and components are
present.

Ampeére’s circuital law states that the line integral of H about any closed
path is exactly equal to the direct current enclosed by that path,

4 The preferred pronunciation puts the accent on “circ-.”
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%H.szl (10)

We define positive current as flowing in the direction of advance of a right-
handed screw turned in the direction in which the closed path is traversed.

Referring to Fig. 8.7, which shows a circular wire carrying a direct current
I, the line integral of H about the closed paths lettered ¢ and b results in an
answer of [; the integral about the closed path ¢ which passes through the
conductor gives an answer less than 7/ and is exactly that portion of the total
current which is enclosed by the path ¢. Although paths ¢ and b give the same
answer, the integrands are, of course, different. The line integral directs us to
multiply the component of H in the direction of the path by a small increment of
path length at one point of the path, move along the path to the next incremental
length, and repeat the process, continuing until the path is completely traversed.
Since H will generally vary from point to point, and since paths @ and b are not
alike, the contributions to the integral made by, say, each micrometer of path
length are quite different. Only the final answers are the same.

We should also consider exactly what is meant by the expression ‘“‘current
enclosed by the path.” Suppose we solder a circuit together after passing the
conductor once through a rubber band, which we shall use to represent the
closed path. Some strange and formidable paths can be constructed by twisting
and knotting the rubber band, but if neither the rubber band nor the conducting
circuit is broken, the current enclosed by the path is that carried by the con-
ductor. Now let us replace the rubber band by a circular ring of spring steel
across which is stretched a rubber sheet. The steel loop forms the closed path,
and the current-carrying conductor must pierce the rubber sheet if the current is
to be enclosed by the path. Again, we may twist the steel loop, and we may also
deform the rubber sheet by pushing our fist into it or folding it in any way we
wish. A single current-carrying conductor still pierces the sheet once, and this is
the true measure of the current enclosed by the path. If we should thread the
conductor once through the sheet from front to back and once from back to
front, the total current enclosed by the path is the algebraic sum, which is zero.

FIGURE 8.7
A conductor has a total current /. The
line integral of H about the closed paths
a and b is equal to 7, and the integral
/ around path c¢ is less than 7, since the
1 entire current is not enclosed by the path.
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In more general language, given a closed path, we recognize this path as the
perimeter of an infinite number of surfaces (not closed surfaces). Any current-
carrying conductor enclosed by the path must pass through every one of these
surfaces once. Certainly some of the surfaces may be chosen in such a way that
the conductor pierces them twice in one direction and once in the other direction,
but the algebraic total current is still the same.

We shall find that the nature of the closed path is usually extremely simple
and can be drawn on a plane. The simplest surface is, then, that portion of the
plane enclosed by the path. We need merely find the total current passing
through this region of the plane.

The application of Gauss’s law involves finding the total charge enclosed by
a closed surface; the application of Ampere’s circuital law involves finding the
total current enclosed by a closed path.

Let us again find the magnetic field intensity produced by an infinitely long
filament carrying a current /. The filament lies on the z axis in free space (as in
Fig. 8.3), and the current flows in the direction given by a.. Symmetry inspection
comes first, showing that there is no variation with z or ¢. Next we determine
which components of H are present by using the Biot-Savart law. Without
specifically using the cross product, we may say that the direction of dH is
perpendicular to the plane conaining dL and R and therefore is in the direction
of a4;. Hence the only component of H is Hy, and it is a function only of p.

We therefore choose a path to any section of which H is either perpendic-
ular or tangential and along which H is constant. The first requirement (perpen-
dicularity or tangency) allows us to replace the dot product of Ampeére’s circuital
law with the product of the scalar magnitudes, except along that portion of the
path where H is normal to the path and the dot product is zero; the second
requirement (constancy) then permits us to remove the magnetic field intensity
from the integral sign. The integration required is usually trivial and consists of
finding the length of that portion of the path to which H is parallel.

In our example the path must be a circle of radius p and Ampére’s circuital
law becomes

27 27
fH -dL = Hypdep = Hyp dp = Hy2mp =1
0 0

or

1

Hy=—
¢ 27p

as before.

As a second example of the application of Ampeére’s circuital law, consider
an infinitely long coaxial transmission line carrying a uniformly distributed total
current / in the center conductor and —/ in the outer conductor. The line is
shown in Fig. 8.8a. Symmetry shows that H is not a function of ¢ or z. In order
to determine the components present, we may use the results of the previous
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®)

FIGURE 8.8

(a) Cross section of a coaxial cable carrying a uniformly distributed current / in the inner conductor and
—1 in the outer conductor. The magnetic field at any point is most easily determined by applying Ampere’s
circuital law about a circular path. (b) Current filaments at p = p;, ¢ = £¢;, produces H, components
which cancel. For the total field, H = Hya,.

example by considering the solid conductors as being composed of a large num-
ber of filaments. No filament has a z component of H. Furthermore, the H,
component at ¢ = 0°, produced by one filament located at p = p;, ¢ = ¢y, is
canceled by the H, component produced by a symmetrically located filament at
p = p1, ¢ = —¢1. This symmetry is illustrated by Fig. 8.85. Again we find only an
H, component which varies with p.

A circular path of radius p, where p is larger than the radius of the inner
conductor but less than the inner radius of the outer conductor, then leads
immediately to

1
H¢=% (Cl<p<b)

If we choose p smaller than the radius of the inner conductor, the current
enclosed is

2

0
Ienclzlg
and
2
0
2npHy = 1—
oL )
or
Ip
= P9

If the radius p is larger than the outer radius of the outer conductor, no
current is enclosed and

Hy=0 (p>c¢)
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Finally, if the path lies within the outer conductor, we have

2 2
p-—>b

The magnetic-field-strength variation with radius is shown in Fig. 8.9 for a
coaxial cable in which b = 3a, ¢ = 4a. It should be noted that the magnetic field
intensity H is continuous at all the conductor boundaries. In other words, a
slight increase in the radius of the closed path does not result in the enclosure
of a tremendously different current. The value of H, shows no sudden jumps.

The external field is zero. This, we see, results from equal positive and
negative currents enclosed by the path. Each produces an external field of mag-
nitude //2mp, but complete cancellation occurs. This is another example of
“shielding”; such a coaxial cable carrying large currents would not produce
any noticeable effect in an adjacent circuit.

As a final example, let us consider a sheet of current flowing in the positive
y direction and located in the z = 0 plane. We may think of the return current as
equally divided between two distant sheets on either side of the sheet we are
considering. A sheet of uniform surface current density K = K,a, is shown in
Fig. 8.10. H cannot vary with x or y. If the sheet is subdivided into a number of
filaments, it is evident that no filament can produce an H, component.
Moreover, the Biot-Savart law shows that the contributions to H. produced
by a symmetrically located pair of filaments cancel. Thus, H. is zero also; only
an H, component is present. We therefore choose the path 1-1’-2’-2-1 composed
of straight-line segments which are either parallel or perpendicular to Hy.
Ampére’s circuital law gives

HoL+ Ho(—L) =K, L

or
H,—-Hy,= Ky
A
2na
3a
!
iy 4a
FIGURE 8.9
The magnetic field intensity as a func-
tion of radius in an infinitely long coax-
0 ial transmission line with the dimensions
0 2a da=b 4a=¢  shown.
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P )
~, \
l } 3’ \_h I
i 1 ' FIGURE 8.10
i K=K A uniform sheet of surface current
¥ it K = K,a, in the z =0 plane. H may
2 be found by applying Ampére’s circuit-
N X al law about the paths 1-1’-2-2-1 and
N2 3-3-2/-2-3.

If the path 3-3/-2’-2-3 is now chosen, the same current is enclosed, and
Hs—-Ho =K,
and therefore
Hgs =Hy

It follows that H. is the same for all positive z. Similarly, H, is the same for all
negative z. Because of the symmetry, then, the magnetic field intensity on one
side of the current sheet is the negative of that on the other. Above the sheet,

H, = %1{1 (Z > O)
while below it
H, = —%Ky (z<0)

Letting ay be a unit vector normal (outward) to the current sheet, the result may
be written in a form correct for all z as

H=1Kxay (11)

If a second sheet of current flowing in the opposite direction, K = —K,a,, is
placed at z = A, (11) shows that the field in the region between the current sheets
is

H=Kxay (0<z<h) (12)

and is zero elsewhere,

H=0 (z<0,z>h) (13)

The most difficult part of the application of Ampere’s circuital law is the
determination of the components of the field which are present. The surest
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method is the logical application of the Biot-Savart law and a knowledge of the
magnetic fields of simple form.

Problem 13 at the end of this chapter outlines the steps involved in applying
Ampere’s circuital law to an infinitely long solenoid of radius ¢ and uniform
current density K,a,, as shown in Fig. 8.11a. For reference, the result is

H=K,a. (p<a) (14a)

H=0 (p>a) (14b)

If the solenoid has a finite length ¢ and consists of N closely wound turns of
a filament that carries a current / (Fig. 8.11b), then the field at points well within
the solenoid is given closely by
NI

H= 721'2 (well within the solenoid) (15)

The approximation is useful it if is not applied closer than two radii to the open
ends, nor closer to the solenoid surface than twice the separation between turns.

For the toroids shown in Fig. 8.12, it can be shown that the magnetic field
intensity for the ideal case, Fig. 8.12aq, is

pPo—da

H =K, ag (inside toroid) (16a)

H=0 (outside) (16b)

p=a
H=K,a, p<a
H=%p-e (el immide:coi)
(a) (&)
FIGURE 8.11

(a) An ideal solenoid of infinite length with a circular current sheet K = K,a,. (b) An N-turn solenoid of
finite length d.
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K=K,aatp=py—a,z=0

H= % ay (well inside toroid)
" [ P . P
H=K, 4, (inside toroid)
p
H=0 (outside)
(a) (b)

FIGURE 8.12
(a) An ideal toroid carrying a surface current K in the direction shown. () An N-turn toroid carrying a
filamentary current /.

For the N-turn toroid of Figure 8.12h, we have the good approximations,

NI
H=_-—a4 (inside toroid) (17a)
2mp

H=0 (outside) (17b)

as long as we consider points removed from the toroidal surface by several times
the separation between turns.

Toroids having rectangular cross sections are also treated quite readily, as
you can see for yourself by trying Prob. 14.

Accurate formulas for solenoids, toroids, and coils of other shapes are
available in Sec. 2 of the “Standard Handbook for Electrical Engineers” (see
Suggested References for Chap. 5).

‘/ D8.3. Express the value of H in cartesian components at P(0, 0.2, 0) in the field of: (a) a
current filament, 2.5 A in the a. direction at x = 0.1, y = 0.3; (b) a coax, centered on the
z axis, with a = 0.3, 5 =0.5, ¢ = 0.6, I = 2.5 A in a. direction in center conductor; (c¢)
three current sheets, 2.7a, A/m at y = 0.1, —1.4a, A/m at y = 0.15, and —1.3a, A/m at
y =10.25.

Ans. 1.989a, — 1.989a, A/m; —0.884a, A/m; 1.300a. A/m

8.3 CURL

We completed our study of Gauss’s law by applying it to a differential volume
element and were led to the concept of divergence. We now apply Ampeére’s
circuital law to the perimeter of a differential surface element and discuss the
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third and last of the special derivatives of vector analysis, the curl. Our immedi-
ate objective is to obtain the point form of Ampeére’s circuital law.

Again we shall choose cartesian coordinates, and an incremental closed
path of sides Ax and Ay is selected (Fig. 8.13). We assume that some current,
as yet unspecified, produces a reference value for H at the center of this small
rectangle,

Hy = Hya, + Hya, + Ha,

The closed line integral of H about this path is then approximately the sum of the
four values of H- AL on each side. We choose the direction of traverse as 1-2-3-
4-1, which corresponds to a current in the a. direction, and the first contribution
is therefore

The value of H, on this section of the path may be given in terms of the reference

value H, at the center of the rectangle, the rate of change of H, with x, and the
distance Ax/2 from the center to the mldpomt of side 1-2:

H,, »=H, lAX)

Thus

10H,
(H-AL), , = (H»0+2 - x)Ay

Along the next section of the path we have

1 9H,
(H-AL), ;= He s 3(—Ax) = — < 288 >Ax

Continuing for the remaining two segments and adding the results,
H.dL = AxA
f ( ax  dy ) Y

H=Ho=Hyqa, +Hyoa,+Hoa,

Ax

Ay FIGURE 8.13
- ) An incremental closed path in cartesian coordi-
nates is selected for the application of Ampere’s
¥ circuital law to determine the spatial rate of
change of H.
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By Ampere’s circuital law, this result must be equal to the current enclosed by the
path, or the current crossing any surface bounded by the path. If we assume a
general current density J, the enclosed current is then A7 = J.AxAy, and

0H, 0H
?gH-dLi —2 X )AxAy = J.AxAy
ox ay

or

§H-dL . 0H, O0H, .
AxAy — ox ay 7

As we cause the closed path to shrink, the above expression becomes more nearly
exact, and in the limit we have the equality

im fH‘dL_BHy 0H
Ax,Ay—>0 AXAy T dx ay

—J. (18)

After beginning with Ampeére’s circuital law equating the closed line inte-
gral of H to the current enclosed, we have now arrived at a relationship involving
the closed line integral of H per unit area enclosed and the current per unit area
enclosed, or current density. We performed a similar analysis in passing from the
integral form of Gauss’s law, involving flux through a closed surface and charge
enclosed, to the point form, relating flux through a closed surface per unit volume
enclosed and charge per unit volume enclosed, or volume charge density. In each
case a limit is necessary to produce an equality.

If we choose closed paths which are oriented perpendicularly to each of the
remaining two coordinate axes, analogous processes lead to expressions for the y
and z components of the current density,

i §H-dL_9H. 9H,

Ay,lAr?—x) AyAz 3y B BZV = (19
and
. ng-dL oH, 0H.
Az,lAI}}—>0 AzAX 0z ox Iy (20)

Comparing (18), (19), and (20), we see that a component of the current
density is given by the limit of the quotient of the closed line integral of H about
a small path in a plane normal to that component and of the area enclosed as the
path shrinks to zero. This limit has its counterpart in other fields of science and
long ago received the name of curl. The curl of any vector is a vector, and any
component of the curl is given by the limit of the quotient of the closed line
integral of the vector about a small path in a plane normal to that component
desired and the area enclosed, as the path shrinks to zero. It should be noted that
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the above definition of curl does not refer specifically to a particular coordinate
system. The mathematical form of the definition is

. $H-dL
(curl H)y = A}VINIEOTSN

@1

where ASy is the planar area enclosed by the closed line integral. The N sub-
script indicates that the component of the curl is that component which is normal
to the surface enclosed by the closed path. It may represent any component in
any coordinate system.

In cartesian coordinates the definition (21) shows that the x, y, and z
components of the curl H are given by (18), (19), and (20), and therefore

oH. 0H, oH, 0H. oH, 0H,
curl H = a4+ [———")a, + [ a. (22)
ay 0z 0z ax ) - ox ay

This result may be written in the form of a determinant,

a, a, a
curl H= 992 (23)
ox dy oz
H. H, H.
and may also be written in terms of the vector operator,
curlH=V xH (24)

Equation (22) is the result of applying the definition (21) to the cartesian
coordinate system. We obtained the z component of this expression by evaluat-
ing Ampere’s circuital law about an incremental path of sides Ax and Ay, and we
could have obtained the other two components just as easily by choosing the
appropriate paths. Equation (23) is a neat method of storing the cartesian coor-
dinate expression for curl; the form is symmetrical and easily remembered.
Equation (24) is even more concise and leads to (22) upon applying the defini-
tions of the cross product and vector operator.

The expressions for curl H in cylindrical and spherical coordinates are
derived in Appendix A by applying the definition (21). Although they may be
written in determinant form, as explained there, the determinants do not have
one row of unit vectors on top and one row of components on the bottom, and
they are not easily memorized. For this reason, the curl expansions in cylindrical
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and spherical coordinates which appear below and inside the back cover are
usually referred to whenever necessary.

10H, 0H oH, O0H.
VxH:( : ¢)ap+( L— )a¢

p 0 9z 9
’ 1¢a( H, ; 10H ) ’ =
Py P ; ;
4+ |————%L)a. (cylindrical)
(p dp o 3¢) ey
VxHo L (MHsin®) oH, ,~ 1(_L 0H, _3(rHy) a
rsinf a0 ap r\sinf d¢p or (26)
L (%rHy) _3H, ay (spherical)
T ) PP

Although we have described curl as a line integral per unit area, this does
not provide everyone with a satisfactory physical picture of the nature of the curl
operation, for the closed line integral itself requires physical interpretation. This
integral was first met in the electrostatic field, where we saw that f E - dL = 0.
Inasmuch as the integral was zero, we did not belabor the physical picture. More
recently we have discussed the closed line integral of H, § H- dL = I. Either of
these closed line integrals is also known by the name of “‘circulation,” a term
obviously borrowed from the field of fluid dynamics.

The circulation of H, or ¢ H - dL, is obtained by multiplying the component
of H parallel to the specified closed path at each point along it by the differential
path length and summing the results as the differential lengths approach zero
and as their number becomes infinite. We do not require a vanishingly small
path. Ampeére’s circuital law tells us that if H does possess circulation about a
given path, then current passes through this path. In electrostatics we see that the
circulation of E is zero about every path, a direct consequence of the fact that
zero work is required to carry a charge around a closed path.

We may now describe curl as circulation per unit area. The closed path is
vanishingly small, and curl is defined at a point. The curl of E must be zero, for
the circulation is zero. The curl of H is not zero, however; the circulation of H
per unit area is the current density by Ampeére’s circuital law [or (18), (19), and
(20)].

Skilling® suggests the use of a very small paddle wheel as a “curl meter.”
Our vector quantity, then, must be thought of as capable of applying a force to
each blade of the paddle wheel, the force being proportional to the component of
the field normal to the surface of that blade. To test a field for curl we dip our
paddle wheel into the field, with the axis of the paddle wheel lined up with the

3 See the Suggested References at the end of the chapter.
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direction of the component of curl desired, and note the action of the field on the
paddle. No rotation means no curl; larger angular velocities mean greater values
of the curl; a reversal in the direction of spin means a reversal in the sign of the
curl. To find the direction of the vector curl and not merely to establish the
presence of any particular component, we should place our paddle wheel in the
field and hunt around for the orientation which produces the greatest torque.
The direction of the curl is then along the axis of the paddle wheel, as given by
the right-hand rule.

As an example, consider the flow of water in a river. Fig. 8.14a shows the
longitudinal section of a wide river taken at the middle of the river. The water
velocity is zero at the bottom and increases linearly as the surface is approached.
A paddle wheel placed in the position shown, with its axis perpendicular to the
paper, will turn in a clockwise direction, showing the presence of a component of
curl in the direction of an inward normal to the surface of the page. If the
velocity of water does not change as we go up- or downstream and also shows
no variation as we go across the river (or even if it decreases in the same fashion
toward either bank), then this component is the only component present at the
center of the stream, and the curl of the water velocity has a direction into the
page.

In Fig. 8.14b the streamlines of the magnetic field intensity about an infi-
nitely long filamentary conductor are shown. The curl meter placed in this field
of curved lines shows that a larger number of blades have a clockwise force
exerted on them but that this force is in general smaller than the counterclock-
wise force exerted on the smaller number of blades closer to the wire. It seems
possible that if the curvature of the streamlines is correct and also if the variation
of the field strength is just right, the net torque on the paddle wheel may be zero.
Actually, the paddle wheel does not rotate in this case, for since H = (//2mp)ag,
we may substitute into (25) obtaining

8H¢ a 1 8(pH¢)

curl H= — +— -.=0
az " p ap
H
*
Velocity
— Current
ra— into page
—
River bed ?

|
(a) (b)

FIGURE 8.14
(a) The curl meter shows a component of the curl of the water velocity into the page. (b) The curl of the
magnetic field intensity about an infinitely long filament is shown.
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[l Example 8.2

As an example of the evaluation of curl H from the definition and of the evaluation of
another line integral, let us suppose that H = 0.2z%a, for z > 0, and H = 0 elsewhere, as
shown in Fig. 8.15. Calculate { H- dL about a square path with side d, centered at
(0,0, z1) in the y = 0 plane where z; > 2d.

Solution. We evaluate the line integral of H along the four segments, beginning at the
top:

7{H -dL = 0.2(z; +3d)*d + 0 — 0.2(zy — 1d)*d + 0
= 0.4z,d”

In the limit as the area approaches zero, we find

§H-dL . 0.4z d
7 A )
The other components are zero, so V x H = 0.4zja,.

To evaluate the curl without trying to illustrate the definition or the evaluation of a
line integral, we simply take the partial derivative indicated by (23):

= 0.421

VxH), =1
(V> H), =0

a, a, a.

UxH=| 0 0 009 0o, 04,
ox 9y oz| 0z : ’
022 0 0

which checks with the result above when z = z;.

FIGURE 8.15

A square path of side d with its
center on the z axis at z=_z is
- used to evaluate § H - dL and find
. &

; curl H.
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Returning now to complete our original examination of the application of
Ampere’s circuital law to a differential-sized path, we may combine (18), (19),
(20), (22), and (24),

oH., 0H, oH, 0H.
curl H=V xH = —— |a, + a,

dy 0 oz 9
) Z 4 X 27)
(P HY
ax ay )7
and write the point form of Ampere’s circuital law,
VxH=J (28)

This is the second of Maxwell’s four equations as they apply to non-time-
varying conditions. We may also write the third of these equations at this time; it
is the point form of {E-dL =0, or

VxE=0 (29)

The fourth equation appears in Sec. 8.5.

v D84 (a) Evaluate the closed line integral of H about the rectangular path P(2, 3, 4) to
Py(4,3,4) to P3(4,3, 1) to Py(2,3,1) to Py, given H = 3za, — 2x3a. A/m. (b) Determine
the quotient of the closed line integral and the area enclosed by the path as an approx-
imation to (V x H),. (¢) Determine (V x H), at the center of the area.

Ans. 354 A; 59 A/m?*; 57 A/m>

i/ D8.5. Calculate the value of the vector current density: (a) in cartesian coordinates at
P4(2,3,4) if H=x%2a, —)?xa.; (b) in cylindrical coordinates at Pp(1.5,90° 0.5) if
2 . . . . 1
H = —(cos 0.2¢)a,; (c) in spherical coordinates at Pc(2,30°,20°) if H = mag.
P
Ans. —16a, + 9a, + 16a. A/m?; 0.0549a, A/m?; a, A/m?

8.4 STOKES’ THEOREM

Although the last section was devoted primarily to a discussion of the curl
opeation, the contribution to the subject of magnetic fields should not be over-
looked. From Ampére’s circuital law we derived one of Maxwell’s equations,
V x H=J. This latter equation should be considered the point form of
Ampeére’s circuital law and applies on a “‘per-unit-area’ basis. In this section
we shall again devote a major share of the material to the mathematical theorem
known as Stokes’ theorem, but in the process we shall show that we may obtain
Ampeére’s circuital law from V x H = J. In other words, we are then prepared to
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obtain the integral form from the point form or to obtain the point form from
the integral form.

Consider the surface S of Fig. 8.16 which is broken up into incremental
surfaces of area AS. If we apply the definition of the curl to one of these incre-
mental surfaces, then

fH - dLys
AS

where the N subscript again indicates the right-hand normal to the surface. The
subscript on dLag indicates that the closed path is the perimeter of an incre-
mental area AS. This result may also be written

$H - dLys
AS

=(VxH)y

i(VxH)-aN
or
fH.dLASi(VxH-aNAS:(VXH)-As

where ay is a unit vector in the direction of the right-hand normal to AS.

Now let us determine this circulation for every AS comprising S and sum
the results. As we evaluate the closed line integral for each AS, some cancellation
will occur because every interior wall is covered once in each direction. The only
boundaries on which cancellation cannot occur form the outside boundary, the
path enclosing S. Therefore we have

fH-dLE/(VXH)'dS (30)
S

FIGURE 8.16

The sum of the closed line integrals about
Surface 5 the perimeter of every AS is the same as the

closed line integral about the perimeter of S
because of cancellation on every interior
path.

4| p | eTextMainMenu | Textbook Table of Contents

247



248  ENGINEERING ELECTROMAGNETICS

where dL is taken only on the perimeter of S.
Equation (30) is an identity, holding for any vector field, and is known as
Stokes’ theorem.

IIII»Example 8.3

A numerical example may help to illustrate the geometry involved in Stokes’ theorem.
Consider the portion of a sphere shown in Fig. 8.17. The surface is specified by r = 4,
0<6<0.17, 0 < ¢ <0.37, and the closed path forming its perimeter is composed of
three circular arcs. We are given the field H = 6rsin ¢a, + 18rsin 6 cos ¢a, and are asked
to evaluate each side of Stokes’ theorem.

Solution. The first path segment is described in spherical coordinates by r =4,
0<6<0.17, ¢ =0; the second one by r =4, 6§ = 0.1z, 0 < ¢ < 0.37; and the third
by r=4,0<0<0.lnr, ¢ =0.37. The differential path element dL is the vector sum
of the three differential lengths of the spherical coordinate system first discussed in Sec.
1.9,

dL=dra, +rdbay+rsinOdpa,

The first term is zero on all three segments of the path since r = 4 and dr = 0, the second
is zero on segment 2 since 6 is constant, and the third term is zero on both segments 1
and 3. Thus

fH-dL:/ngd9+/H¢rsin0d¢+/ngdé
1 2 3

FIGURE 8.17
A portion of a spherical cap is used as a surface
¥ and a closed path to illustrate Stokes’ theorem.
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Since Hy = 0, we have only the second integral to evaluate,

0.3
%H -dL = / [18(4)sin 0.1 cos ¢]4 sin 0.1wdp
0

=288sin’0.17sin0.37 = 22.2 A

We next attack the surface integral. First, we use (26) to find

1

VxH=—
rsin 6

1/ 1 .
(36rsinfcosfcosp)a, + — (— 61 cos ¢ — 36rsin b cos ¢>> ag
r \sin 6@
Since dS = r?sin@d0d¢a,, the integral is
0.37  p0.17
/(VxH)«dS:/ / (36cosfcosp)16sin0db deo
s 0 0

0.3 0.17

= / 576(} sin® 6)‘0 cospdg
0

= 288sin%0.17sin 0.37 = 22.2 A

Thus, the results check Stokes’ theorem, and we note in passing that a current of
22.2 A is flowing upward through this section of a spherical cap.

Next, let us see how easy it is to obtain Ampere’s circuital law from
V x H=J. We merely have to dot each side by dS, integrate each side over
the same (open) surface S, and apply Stokes’ theorem:

/S(VXH)~dS:/SJ-dS:%H.dL

The integral of the current density over the surface S is the total current / passing
through the surface, and therefore

%H-dL:I

This short derivation shows clearly that the current /, described as being
“enclosed by the closed path,” is also the current passing through any of the
infinite number of surfaces which have the closed path as a perimeter.

Stokes’ theorem relates a surface integral to a closed line integral. It should
be recalled that the divergence theorem relates a volume integral to a closed
surface integral. Both theorems find their greatest use in general vector proofs.
As an example, let us find another expression for V-V x A, where A represents
any vector field. The result must be a scalar (why?), and we may let this scalar be
T, or

V.VxA=T
Multiplying by dv and integrating throughout any volume v,

/(V-VxA)dv:/ T dv
vol vol
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we first apply the divergence theorem to the left side, obtaining

f(VxA)-dS:/ T dv
S vol

The left side is the surface integral of the curl of A over the closed surface
surrounding the volume v. Stokes’ theorem relates the surface integral of the curl
of A over the open surface enclosed by a given closed path. If we think of the path
as the opening of a laundry bag and the open surface as the surface of the bag
itself, we see that as we gradually approach a closed surface by pulling on the
drawstrings, the closed path becomes smaller and smaller and finally disappears
as the surface becomes closed. Hence the application of Stokes’ theorem to a
closed surface produces a zero result, and we have

/ Tdv=0
vol

Since this is true for any volume, it is true for the differential volume dv,

Tdv=0
and therefore
T=0
or
V-VxA=0 (31)

Equation (31) is a useful identity of vector calculus.® Of course, it may also
be proven easily by direct expansion in cartesian coordinates.
Let us apply the identity to the non-time-varying magnetic field for which

VxH=J
This shows quickly that
V-J=0

which is the same result we obtained earlier in the chapter by using the continuity
equation.

Before introducing several new magnetic field quantities in the following
section, we may review our accomplishments at this point. We initially accepted
the Biot-Savart law as an experimental result,

IdL x ap
H =
% 47 R?

® This and other vector identities are tabulated in Appendix A.3.
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and tentatively accepted Ampere’s circuital law, subject to later proof,

From Ampeére’s circuital law the definition of curl led to the point form of this
same law,

VxH=J

We now see that Stokes’ theorem enables us to obtain the integral form of
Ampeére’s circuital law from the point of form.

¢/  D8.6. Evaluate both sides of Stokes’ theorem for the field H = 6xya, — 3y%*a, A/m and
the rectangular path around the region, 2 < x <5, —1 <y <1, z=0. Let the positive
direction of dS be a..

Ans. —126 A; —126 A

8.5 MAGNETIC FLUX AND MAGNETIC FLUX
DENSITY

In free space, let us define the magnetic flux density B as

B = uoH (free space only) (32)

where B is measured in webers per square meter (Wb/m?) or in a newer unit
adopted in the International System of Units, tesla (T). An older unit that is
often used for magnetic flux density is the gauss (G), where 1 T or 1 Wb/m? is
the same as 10000 G. The constant p is not dimensionless and has the defined
value for free space, in henrys per meter (H/m), of

po = 4m x 1077 H/m (33)

The name given to g is the permeability of free space.

We should note that since H is measured in amperes per meter, the weber is
dimensionally equal to the product of henrys and amperes. Considering the
henry as a new unit, the weber is merely a convenient abbreviation for the
product of henrys and amperes. When time-varying fields are introduced, it
will be shown that a weber is also equivalent to the product of volts and seconds.

The magnetic-flux-density vector B, as the name weber per square meter
implies, is a member of the flux-density family of vector fields. One of the
possible analogies between electric and magnetic fields’ compares the laws of
Biot-Savart and Coulomb, thus establishing an analogy between H and E. The

7 An alternate analogy is presented in Sec. 10.2.
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relations B = uoH and D = ¢)E then lead to an analogy between B and D. If B is
measured in teslas or webers per square meter, then magnetic flux should be
measured in webers. Let us represent magnetic flux by ® and define ® as the flux
passing through any designated area,

d):/B-dSWb (34)
S

Our analogy should now remind us of the electric flux W, measured in
coulombs, and of Gauss’s law, which states that the total flux passing through
any closed surface is equal to the charge enclosed,

W:?§SD~dS:Q

The charge Q is the source of the lines of electric flux and these lines begin and
terminate on positive and negative charge, respectively.

No such source has ever been discovered for the lines of magnetic flux. In
the example of the infinitely long straight filament carrying a direct current /7, the
H field formed concentric circles about the filament. Since B = uoH, the B field
is of the same form. The magnetic flux lines are closed and do not terminate on a
“magnetic charge.” For this reason Gauss’s law for the magnetic field is

fB-dszo (35)
S

and application of the divergence theorem shows us that

V-B=0 (36)

We have not proved (35) or (36) but have only suggested the truth of these
statements by considering the single field of the infinite filament. It is possible to
show that (35) or (36) follows from the Biot-Savart law and the definition of B,
B = 1oH, but this is another proof which we shall postpone to Sec. 8.7.

Equation (36) is the last of Maxwell’s four equations as they apply to static
electric fields and steady magnetic fields. Collecting these equations, we then
have for static electric fields and steady magnetic fields

V'D:pv
VxE=0
(37)
VxH=J
V-B=0
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To these equations we may add the two expressions relating D to E and B
to H in free space,

D = ¢FE (38)

B = uH (39)

We have also found it helpful to define an electrostatic potential,

E=-VV (40)

and we shall discuss a potential for the steady magnetic field in the following
section. In addition, we have extended our coverage of electric fields to include
conducting materials and dielectrics, and we have introduced the polarization P.
A similar treatment will be applied to magnetic fields in the next chapter.
Returning to (37), it may be noted that these four equations specify the
divergence and curl of an electric and a magnetic field. The corresponding set of
four integral equations that apply to static electric fields and steady magnetic

fields is
fD‘dS:Q:/ Ppdv
S vol

%E-dL:O
fH-dL:I:/J-dS
s
fB.dS:O
N

Our study of electric and magnetic fields would have been much simpler if
we could have begun with either set of equations, (37) or (41). With a good
knowledge of vector analysis, such as we should now have, either set may be
readily obtained from the other by applying the divergence theorem of Stokes’
theorem. The various experimental laws can be obtained easily from these equa-
tions.

As an example of the use of flux and flux density in magnetic fields, let us
find the flux between the conductors of the coaxial line of Fig. 8.8a. The mag-
netic field intensity was found to be

(41)

I
H¢:E (a<p<b)
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and therefore

ol
B =pH= M—
2mp

The magnetic flux contained between the conductors in a length d is the

flux crossing any radial plane extending from p = a to p = b and from, say, z =0

toz=d
CI>:/S //M—Olad) dpdzag
or
@:Mo—ld né (42)
2

This expression will be used later to obtain the inductance of the coaxial
transmission line.

¢/ D8.7. A solid conductor of circular cross section is made of a homogeneous nonmag-
netic material. If the radius « = 1 mm, the conductor axis lies on the z axis, and the total
current in the a. direction is 20 A, find: (a) Hy at p = 0.5 mm; (b) By at p = 0.8 mm; (¢)
the total magnetic flux per unit length inside the conductor; (d) the total flux for
p < 0.5mm; (e) the total magnetic flux outside the conductor.

Ans. 1592 A/m; 3.2 mT; 2uWb; 0.5 uWhb; co

8.6 THE SCALAR AND VECTOR MAGNETIC
POTENTIALS

The solution of electrostatic field problems is greatly simplified by the use of the
scalar electrostatic potential V. Although this potential possesses a very real
physical significance for us, it is mathematically no more than a stepping-stone
which allows us to solve a problem by several smaller steps. Given a charge
configuration, we may first find the potential and then from it the electric field
intensity.

We should question whether or not such assistance is available in magnetic
fields. Can we define a potential function which may be found from the current
distribution and from which the magnetic fields may be easily determined? Can a
scalar magnetic potential be defined, similar to the scalar electrostatic potential?
We shall show in the next few pages that the answer to the first question is “‘yes,”
but the second must be answered “‘sometimes.”” Let us attack the last question
first by assuming the existence of a scalar magnetic potential, which we designate
V.n, whose negative gradient gives the magnetic field intensity

H= _VVm
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The selection of the negative gradient will provide us with a closer analogy to the
electric potential and to problems which we have already solved.

This definition must not conflict with our previous results for the magnetic
field, and therefore

VxH=J=Vx(-VV,)

However, the curl of the gradient of any scalar is identically zero, a vector
identity the proof of which is left for a leisure moment. Therefore we see that
if H is to be defined as the gradient of a scalar magnetic potential, then current
density must be zero throughout the region in which the scalar magnetic poten-
tial is so defined. We then have

H=-VV, J=0) (43)

Since many magnetic problems involve geometries in which the current-carrying
conductors occupy a relatively small fraction of the total region of interest, it is
evident that a scalar magnetic potential can be useful. The scalar magnetic
potential is also applicable in the case of permanent magnets. The dimensions
of V,, are obviously amperes.

This scalar potential also satisfies Laplace’s equation. In free space,

V-B= /,L()V -H=0
and hence
woV - (=VV,)=0

or

V=0 (J=0) (44)

We shall see later that V/,, continues to satisfy Laplace’s equation in homoge-
neous magnetic materials; it is not defined in any region in which current density
is present.

Although we shall consider the scalar magnetic potential to a much greater
extent in the next chapter, when we introduce magnetic materials and discuss the
magnetic circuit, one difference between V' and V,, should be pointed out now:
V., 1s not a single-valued function of position. The electric potential V' is single-
valued; once a zero reference is assigned, there is only one value of V associated
with each point in space. Such is not the case with V,,. Consider the cross section
of the coaxial line shown in Fig. 8.18. In the region ¢ < p < b, J = 0, and we may
establish a scalar magnetic potential. The value of H is

1

H=—
2n,oa¢
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FIGURE 8.18

The scalar magnetic potential V,, is a multi-
valued function of ¢ in the region a < p < b.
The electrostatic potential is always single-
valued.

where [/ is the total current flowing in the a, direction in the inner conductor. Let
us find V, by integrating the appropriate component of the gradient. Applying
(43),

T gy |~ 1V
2rp ¢ p 09
or
W _ _ 1
ap  2m
Thus
I
Vg = ——
271¢

where the constant of integration has been set equal to zero. What value of
potential do we associate with point P, where ¢ = 7r/4? If we let V,, be zero at
¢ = 0 and proceed counterclockwise around the circle, the magnetic potential
goes negative linearly. When we have made one circuit, the potential is —/, but
that was the point at which we said the potential was zero a moment ago. At P,
then, ¢ = /4, 9 /4, 17n/4, ..., or —Tn/4, —15m/4, —237/4, ..., or

I
Vip =5-(Qn=Pm (1=0,%1,£2...)

or

Vap=In—1%) (n=0,%1,£2,...)
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The reason for this multivaluedness may be shown by a comparison with
the electrostatic case. There, we know that

VxE=0

%E‘szo

a
Vab:—/ E.-dL
b

and therefore the line integral

is independent of the path. In the magnetostatic case, however,
VxH=0 (whereverJ=0)

even if J is zero along the path of integration. Every time we make another
complete lap around the current, the result of the integration increases by 7. If
no current / is enclosed by the path, then a single-valued potential function may
be defined. In general, however,

but

Vinab = — / H - dL (specified path) (45)
b

where a specific path or type of path must be selected. We should remember that
the electrostatic potential } is a conservative field; the magnetic scalar potential
V., is not a conservative field. In our coaxial problem let us erect a barrier® at
¢ = m; we agree not to select a path which crosses this plane. Therefore we
cannot encircle 7/, and a single-valued potential is possible. The result is seen
to be

1

Kn:_7¢ (—7T<¢)<7T)

g

and

—f (63

The scalar magnetic potential is evidently the quantity whose equipotential
surfaces will form curvilinear squares with the streamlines of H in Fig. 8.4. This
is one more facet of the analogy between electric and magnetic fields about which
we will have more to say in the next chapter.

# This corresponds to the more precise mathematical term “branch cut.”
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Let us temporarily leave the scalar magnetic potential now and investigate a
vector magnetic potential. This vector field is one which is extremely useful in
studying radiation from antennas, from apertures, and radiation leakage from
transmission lines, waveguides, and microwave ovens. The vector magnetic
potential may be used in regions where the current density is zero or nonzero,
and we shall also be able to extend it to the time-varying case later.

Our choice of a vector magnetic potential is indicated by noting that

V-B=0

Next, a vector identity which we proved in Sec. 8.4 shows that the divergence of
the curl of any vector field is zero. Therefore we select

B=VxA (46)

where A signifies a vector magnetic potential, and we automatically satisfy the
condition that the magnetic flux density shall have zero divergence. The H field is

1
H=—VxA
o

and

1
VxH=J=—VXxVxA
Mo

The curl of the curl of a vector field is not zero and is given by a fairly
complicated expression,” which we need not know now in general form. In
specific cases for which the form of A is known, the curl operation may be
applied twice to determine the current density.

Equation (46) serves as a useful definition of the vector magnetic potential
A. Since the curl operation implies differentiation with respect to a length, the
units of A are webers per meter.

As yet we have seen only that the definition for A does not conflict with any
previous results. It still remains to show that this particular definition can help us
to determine magnetic fields more easily. We certainly cannot identify A with any
easily measured quantity or history-making experiment.

We shall show in the following section that, given the Biot-Savart law, the
definition of B, and the definition of A, then A may be determined from the
differential current elements by

‘VxVxA=V(V-A)—V2A. In cartesian coordinates, it may be shown that V?A =
V2A,a, + V2 4,a, + V2 4.a.. In other coordinate systems, VA may be found by evaluating the second-
order partial derivatives in VA = V(V-A) =V x V x A.
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ol dL
A= “

The significance of the terms in (47) is the same as in the Biot-Savart law; a direct
current / flows along a filamentary conductor of which any differential length dLL
is distant R from the point at which A is to be found. Since we have defined A
only through specification of its curl, it is possible to add the gradient of any
scalar field to (47) without changing B or H, for the curl of the gradient is
identically zero. In steady magnetic fields, it is customary to set this possible
added term equal to zero.

The fact that A is a vector magnetic potential is more apparent when (47) is
compared with the similar expression for the electrostatic potential,

dL
V— / PL
47T€0R
Each expression is the integral along a line source, in one case line charge and in
the other case line current; each integrand is inversely proportional to the dis-
tance from the source to the point of interest; and each involves a characteristic

of the medium (here free space), the permeability or the permittivity.
Equation (47) may be written in differential form,

,bL()I dL
dA =
47 R

if we again agree not to attribute any physical significance to any magnetic fields
we obtain from (48) until the entire closed path in which the current flows is
considered.

With this reservation, let us go right ahead and consider the vector mag-
netic potential field about a differential filament. We locate the filament at the
origin in free space, as shown in Fig. 8.19, and allow it to extend in the positive z
direction so that dL = dza.. We use cylindrical coordinates to find dA at the

point (p, ¢, z):

(48)

JA — ol dza,
4n\//m
or
wol dz

dA, = ———
T A4/ + 2

We note that the direction of dA is the same as that of / dL. Each small
section of a current-carrying conductor produces a contribution to the total
vector magnetic potential which is in the same direction as the current flow in
the conductor. The magnitude of the vector magnetic potential varies inversely as
the distance to the current element, being strongest in the neighborhood of the

ddy=0 dA,=0 (49)
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A Free space

p Plp, p,2)

FIGURE 8.19
The differential current element 7 dza. at the ori-
gin establishes the differential vector magnetic

v ¥ . I dza.
: potential field, dA = Mol aZ8: at P(p, ¢, z).
dry/p? + 22

current and gradually falling off to zero at distant points. Skilling'® describes the
vector magnetic potential field as ““like the current distribution but fuzzy around
the edges, or like a picture of the current out of focus.”

In order to find the magnetic field intensity, we must take the curl of (49) in
cylindrical coordinates, leading to

1 1 A,
dH:—deA:—(—ad >a¢
Ko Ko ap

or

dH = 1—0127;0 373 ¢
4 (p? + 22)»/2
which is easily shown to be the same as the value given by the Biot-Savart law.
Expressions for the vector magnetic potential A can also be obtained for a
current source which is distributed. For a current sheet K, the differential current
element becomes

IdL =KdS
In the case of current flow throughout a volume with a density J, we have

IdL =Jdv

In each of these two expressions the vector character is given to the current. For
the filamentary element it is customary, although not necessary, to use I dL
instead of IdL. Since the magnitude of the filamentary element is constant, we
have chosen the form which allows us to remove one quantity from the integral.
The alternative expressions for A are then

10 See the Suggested References at the end of the chapter.
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oK dS
A= 50
/S 4R (50)
and
wod dv
A= 1
'/Vol 47 R (5 )

Equations (47), (50), and (51) express the vector magnetic potential as an
integration over all of its sources. From a comparison of the form of these
integrals with those which yield the electrostatic potential, it is evident that
once again the zero reference for A is at infinity, for no finite current element
can produce any contribution as R — oco. We should remember that we very
seldom used the similar expressions for V'; too often our theoretical problems
included charge distributions which extended to infinity and the result would be
an infinite potential everywhere. Actually, we calculated very few potential fields
until the differential form of the potential equation was obtained, V>V = —p, /e,
or better yet, V> = 0. We were then at liberty to select our own zero reference.

The analogous expressions for A will be derived in the next section, and an
example of the calculation of a vector magnetic potential field will be completed.

‘/ D8.8. A current sheet, K = 2.4a. A/m, is present at the surface p = 1.2 in free space. (a)
Find H for p > 1.2. Find V,, at P(p = 1.5, ¢ = 0.6,z = 1) if: (b) V,, = 0 at ¢ = 0 and
there is a barrier at ¢ =m; (¢) V,, =0 at ¢ =0 and there is a barrier at ¢ = 7/2; (d)
Vi =0 at ¢ = 7 and there is a barrier at ¢ =0; (¢) V,, =5V at ¢ = 7 and there is a
barrier at ¢ = 0.87.

2.88
Ans. 7%; —0.864V; 2.02V; 0.576 V; 2.70 V

‘/ D8.9. The value of A within a solid nonmagnetic conductor of radius a carrying a total
current / in the a. direction may be found easily. Using the known value of H or B for
p < a, then (46) may be solved for A. Select 4 = (ol InS)/27 at p = a (to correspond
with an example in the next section) and find A at p =: (@) 0; (b) 0.25a; (¢) 0.75a; (d) a.

Ans. 0.422 4 Wb/m; 0.416 u Wb/m; 0.366 « Wb/m; 0.322 u Wb/m

8.7 DERIVATION OF THE
STEADY-MAGNETIC-FIELD LAWS

We shall now carry out our threat to supply the promised proofs of the several
relationships between the magnetic field quantities. All these relationships may
be obtained from the definitions of H,
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of B (in free space),

B = uoH (32)
and of A,

B=VxA (46)

Let us first assume that we may express A by the last equation of the

preceding section,
wod dv
A= 51
/vol 47 R ( )

and then demonstrate the correctness of (51) by showing that (3) follows. First
we should add subscripts to indicate the point at which the current element is
located (x1, y1, z1) and the point at which A is given (x3, 2, z2). The differential
volume element dv is then written dv; and in cartesian coordinates would be
dxy dy; dz;. The variables of integration are x1, y1, and z;. Using these subscripts,

then,
podidvy
Ay = 52
’ /vol 47 R2 (52)
From (32) and (46) we have
B VxA
H= . (53)
Mo Mo

To show that (3) follows from (52), it is necessary to substitute (52) into (53).
This step involves taking the curl of A,, a quantity expressed in terms of the
variables x,, y,, and z,, and the curl therefore involves partial derivatives with
respect to xj, 12, and z;. We do this, placing a subscript on the del operator to
remind us of the variables involved in the partial differentiation process,

Vox Ay 1 / wodidvy

=—V,
Ko Ko ol 4mTR1>

H, =

The order of partial differentiation and integration is immaterial, and
o/4m is constant, allowing us to write

1 Jldvl
H, =— V
T4 /vol 2 Ri»

The curl operation within the integrand represents partial differentiation
with respect to x,, y», and z. The differential volume element dv; is a scalar and
a function only of xy, y;, and z;. Consequently, it may be factored out of the curl
operation as any other constant, leaving
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I J,
H=— [ (vax=t 4
() 9

The curl of the product of a scalar and a vector is given by an identity which
may be checked by expansion in cartesian coordinates or gratefully accepted
from Appendix A.3,

Vx(SV)=(VS)x V+S(VxV) (55)
This identity is used to expand the integrand of (54),

1 1 1
H, =— V) — J —(V Jy) |d 56
2 47[_/“)1[( 2R12> X 1+R12( ) X 1):| v (56)

The second term of this integrand is zero, because V x J; indicates partial
derivatives of a function of x|, y;, and z;, taken with respect to the variables x»,
2, and z»; the first set of variables is not a function of the second set, and all
partial derivatives are zero.

The first term of the integrand may be determined by expressing Rj; in
terms of the coordinate values,

Ry = \/(Xz —x1)’+ =)+ —a)
and taking the gradient of its reciprocal. Problem 42 shows that the result is

L _ R am
Ry R?z R%z
Substituting this result into (56), we have

1 agp X J
Hy= [ 2exdy,
4 vol R12

or

J
H, — / Jix Ak
vol 4JTR12

which is the equivalent of (3) in terms of current density. Replacing J; dv; by
I, dL;, we may rewrite the volume integral as a closed line integral,

Hz _ %IldLl X23R12
4Ry,

Equation (51) is therefore correct and agrees with the three definitions (3),
(32), and (46).

Next we shall continue with our mathematical orgy and prove Ampeére’s
circuital law in point form,

VxH=1J (28)
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Combining (28), (32), and (46), we obtain

B 1
VXxH=Vx—=—VxVxA (57)
Mo Ko
We now need the expansion in cartesian coordinates for V x V x A. Performing
the indicated partial differentiations and collecting the resulting terms, we may
write the result as

VxVxA=V(V-A) - VA (58)

where

VA = V2 4,a, + VP 4,a, + V2 4.2, (59)

Equation (59) is the definition (in cartesian coordinates) of the Laplacian of a
vector.
Substituting (58) into (57), we have

VxH= i[V(v -A) — V2A] (60)
Mo

and now require expressions for the divergence and the Laplacian of A.
We may find the divergence of A by applying the divergence operation to
(52),

V- Ay = Z_; | Vg (61)
and using the vector identity (44) of Sec. 4.8,
V- (SV)=V-(VS)+S(V-V)
Thus,

Ho 1 1
V- Ay = K0 AV )+ (Vs - J)) | 2
2 Ay = VOl|:Jl ( 2R12>+R12( > Jl)] v (62)

The second part of the integrand is zero, because J; is not a function of x»,
2, and ).

We have already used the result that V,(1/R}2) = —R12/R},, and it is just as
easily shown that

I Rp
1= =—5
IS R?z
or that
1 1
Vi = -V
Ry Ry
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Equation (62) can therefore be written as

7 1
v2'A2 :ﬁ |:—J1 . (Vl R—lz)j|d1)1
vol

and the vector identity applied again,

Mo 1 Ji
Vo Ay =— — (V1 J) =V | =—)|d 63
2 A= vol|:R12( 1-J1) = Vi (Ru)} v (63)

Since we are concerned only with steady magnetic fields, the continuity
equation shows that the first term of (63) is zero. Application of the divergence
theorem to the second term gives

mo [ Jh
Vo Ay = 471?3 R dS,
where the surface S; encloses the volume throughout which we are integrating.
This volume must include all the current, for the original integral expression for
A was an integration such as to include the effect of all the current. Since there is
no current outside this volume (otherwise we should have had to increase the
volume to include it), we may integrate over a slightly larger volume or a slightly
larger enclosing surface without changing A. On this larger surface the current
density J; must be zero, and therefore the closed surface integral is zero, since the
integrand is zero. Hence the divergence of A is zero.
In order to find the Laplacian of the vector A let us compare the x com-
ponent of (51) with the similar expression for electrostatic potential,

Jyd o d
Ax:/ podxdv V:/ pv dv
vol 4mR vol 4meg R
We note that one expression can be obtained from the other by a straightforward
change of variable, J, for p,, uo for 1/¢p, and 4, for V. However, we have
derived some additional information about the electrostatic potential which we

shall not have to repeat now for the x component of the vector magnetic poten-
tial. This takes the form of Poisson’s equation,

Py
€0

ViV = —

which becomes, after the change of variables,

V2A, = —poly
Similarly, we have

V24, = —poly
and

V24, = —poJ-
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or

VA = —pod (64)

Returning to (60), we can now substitute for the divergence and Laplacian
of A and obtain the desired answer,

VxH=1J (28)

We have already shown the use of Stokes’ theorem in obtaining the integral form
of Ampere’s circuital law from (28) and need not repeat that labor here.

We thus have succeeded in showing that every result we have essentially
pulled from thin air'' for magnetic fields follows from the basic definitions of H,
B, and A. The derivations are not simple, but they should be understandable on a
step-by-step basis. It is hoped that the procedure need never be committed to
memory.

Finally, let us return to (64) and make use of this formidable second-order
vector partial differential equation to find the vector magnetic potential in one
simple example. We select the field between conductors of a coaxial cable, with
radii of @ and b as usual, and current / in the a. direction in the inner conductor.
Between the conductors, J = 0, and therefore

VA =0

We have already been told (and Prob. 8.44 gives us the opportunity to check the
results for ourselves) that the vector Laplacian may be expanded as the vector
sum of the scalar Laplacians of the three components in cartesian coordinates,

VA = V2 4,a, + V?4,a, + V* 4.a,

but such a relatively simple result is not possible in other coordinate systems.
That is, in cylindrical coordinates, for example,

VA # VA2, + V2 Ayay + VP A.a,

However, it is not difficult to show for cylindrical coordinates that the z com-
ponent of the vector Laplacian is the scalar Laplacian of the z component of A,
or

VZA| = V?A4. (65)

and since the current is entirely in the z direction in this problem, A has only a z
component. Therefore

V2A. =0

" Free space.
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or

10 [ 4.\ 1 3*A. 8?42__0
pop\"op ) TP e T a2 T

Thinking symmetrical thoughts about (51) shows us that A. is a function only of

p, and thus
1 d ( dAZ)
-~ |p -0
pdp\" dp
We have solved this equation before, and the result is
A.=Cilnp+ C,

If we choose a zero reference at p = b, then

@:amg
In order to relate C; to the sources in our problem, we may take the curl of A,
04. C
VxA=——ay=——a; =B
op P
obtain H,
C
H=- —la¢
Hop
and evaluate the line integral,
2
2nC
%H dL = :/ ——13¢ pd(ﬁﬂ,p—— il
0 Hop I
Thus
ol
C, = 207
: 27
or
I b
4, =172 (66)
27 p
and
I
L 2o

as before. A plot of 4. versus p for b = 5a is shown in Fig. 8.20; the decrease of
|A| with distance from the concentrated current source which the inner conduc-
tor represents is evident. The results of Prob. D8.9 have also been added to the
graph of Fig. 8.20. The extension of the curve into the outer conductor is left as
Prob. 8.43.
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A, (Wb/m)

tol
T
Hol
2n FIGURE 8.20
The vector magnetic potential is
shown within the inner conductor
and in the region between conductors
0 for a coaxial cable with b = Sa carry-
0 1 2 3 4 5 ing I in the a, direction, 4. =0 is

pla arbitrarily selected at p = b.

It is also possible to find A4, between conductors by applying a process some

of us informally call “uncurling.” That is, we know H or B for the coax, and we
may therefore select the ¢ component of V x A = B and integrate to obtain A..
Try it, you’ll like it!

v

D8.10. Equation (66) is obviously also applicable to the exterior of any conductor of
circular cross section carrying a current I in the a. direction in free space. The zero
reference is arbitrarily set at p = b. Now consider two conductors, each of 1-cm radius,
parallel to the z axis with their axes lying in the x = 0 plane. One conductor whose axis
is at (0,4cm, z) carries 12 A in the a, direction; the other axis is at (0, —4cm, z) and
carries 12 A in the —a. direction. Each current has its zero reference for A located 4 cm
from its axis. Find the total A field at: (0,0, z); (b) (0, 8cm, z); (¢) (4cm, 4cm, z); (d)
(2cm, 4cm, z).

Ans. 0; 2.20 £ Wb/m; 0; 8.93 © Wb/m
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PROBLEMS

8.2

8.3

8.4

8.5

8.6

8.7

8.8

(a) Find H in cartesian components at P(2, 3, 4) if there is a current
filament on the z axis carrying 8 mA in the a. direction. (b) Repeat if
the filament is located at x = —1, y = 2. (¢) Find H if both filaments are
present.

A current filament of 3a, A lies along the x axis. Find H in cartesian
components at P(—1, 3, 2).

Two semi-infinite filaments on the z axis lie in the regions —oo < z < a
and a < z < oo. Each carries a current / in the a, direction. () Calculate
H as a function of p and ¢ at z = 0. (b) What value of a will cause the
magnitude of H at p=1, z =0, to be half the value obtained for an
infinite filament?

(a) A filament is formed into a circle of radius a, centered at the origin in
the plane z = 0. It carries a current / in the ay direction. Find H at the
origin. (b) A filament of the same length is shaped into a square in the
z = 0 plane. The sides are parallel to the coordinate axes and a current /
flows in the general a, direction. Again find H at the origin.

The parallel filamentary conductors shown in Fig. 8.21 lie in free space.
Plot |H| versus y, —4 < y < 4, along the line x =0, z = 2.

(a) A current filament 7 is formed into a circle, p = a, in the z = Z’ plane.
Find H. at P(0, 0, z) if I flows in the a, direction. (b) Find H. at P caused
by a uniform surface current density K = Koa,, flowing on the cylind-
rical surface, p = a, 0 < z < h. The results of part (a) should help.
Given points C(5,-2,3) and P(4,—-1,2), a current -element
IdL = 107%(4, =3, 1) A - m at C produces a field dH at P. (a) Specify
the direction of dH by a unit vector ay. (b) Find |dH|. (¢) What direction
a; should /dL have at C so that dH = 0?

For the finite-length current element on the z axis, as shown in Fig. 8.5,
use the Biot-Savart law to derive Eq. (9) of Sec. 8.1.

(0,-1,0)

(0,1,0)

FIGURE 8.21
See Prob. 8.5.
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8.9

8.10

8.11

8.12

8.13

8.14

8.15

A current sheet K = 8a, A/m flows in the region —2 < y < 2m in the
plane z = 0. Calculate H at P(0, 0, 3).

Let a filamentary current of SmA be directed from infinity to the origin
on the positive z axis and then back out to infinity on the positive x axis.
Find H at P(0, 1, 0).

An infinite filament on the z axis carries 200 mA in the a. direction.
Three uniform cylindrical current sheets are also present: 400 mA/m at
p=1cm, —250mA/m at p=2cm, and —300mA/m at p=3cm.
Calculate Hy at p=0.5,1.5,2.5, and 3.5cm.

In Fig. 8.22, let the regions 0 <z < 0.3m and 0.7 < z < 1.0m be con-
ducting slabs carrying uniform current densities of 10 A/m? in opposite
directions as shown. Find H at z =: (a) —0.2; (b) 0.2 (¢) 0.4; (d) 0.75;
(e)1.2 m.

A hollow cylindrical shell of radius « is centered on the z axis and carries
a uniform surface current density of K,as. (¢) Show that H is not a
function of ¢ or z. (b) Show that H, and H, are everywhere zero. (c)
Show that H. =0 for p > a. (d) Show that H. = K, for p <a. (¢) A
second shell, p = b, carries a current Kpays. Find H everywhere.

A toroid having a cross section of rectangular shape is defined by the
following surfaces: the cylinders p = 2cm and p = 3cm, and the planes
z=1cm and z = 2.5cm. The toroid carries a surface current density of
—50a; A/m on the surface p = 3cm. Find H at the point P(p, ¢, 2): (a)
P4(1.5cm, 0,2cm); (b) Pp(2.1cm, 0,2cm); (¢) Pc(2.7cm, /2,2 cm); (d)
3.5cm, /2, 2cm).

Assume that there is a region with cylindrical symmetry in which the
conductivity is given by o = 1.5¢~'%°kS/m. An electric field of 30a, V/m
is present. (a¢) Find J. (b) Find the total current crossing the surface
0 < po, z=0, all ¢. (c) Make use of Ampere’s circuital law to find H.

Adr
1.0
, - 10AM? |
-. )
0.7
Air
0.3
:
) ~— 10 A/m?
! [ _ ., FIGURE 8.22
Air 0 © See Prob. 8.12.
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8.16

8.17

8.18

8.19
8.20

THE STEADY MAGNETIC FIELD

The cylindrical shell, 2mm < p < 3mm, carries a uniformly distributed
total current of 8 A in the —a. direction, and a filament on the z axis
carries 8 A in the a, direction. Find H everywhere.

A current filament on the z axis carries a current of 7mA in the a,
direction, and current sheets of 0.5a, A/m and —0.2a. A/m are located
at p = lcm and p = 0.5 cm, respectively. Calculate H at p =: (a) 0.5cm;
(h) 1.5¢cm; (¢) 4 cm; (d) What current sheet should be located at p = 4cm
so that H = 0 for all p > 4cm?

Current density is distributed as follows: J =0 for |y| > 2m, J = 8ya,
A/m? for |yl <1m, J =82 —y)a.A/m> for 1 <y <2m, J=—-82+
ya. A/m? for —2 < y < —1m. Use symmetry and Ampere’s law to find
H everywhere.

Calculate V x [V(V - G)] if G = 2x?yza, — 20ya, + (x> — z%)a..

The magnetic field intensity is given in the square region x =0,
05<y<1, 1 <z<15 by H=z%a, +x%, + )*a. A/m. (a) Evaluate
§H-dL about the perimeter of the square region. (b) Find V x H.
(c) Calculate (V x H), at the center of the region. (d) Does (V x H), =
[f H - dL]/Area enclosed?

8.21 Points 4, B, C, D, E, and F are each 2mm from the origin on the
coordinate axis indicated in Fig. 8.23. The value of H at each point is
given. Calculate an approximate value for V x 51 at the origin.

8.22 In the cylindrical region p <0.6mm, Hy = ——{—%)A/m, while H, =
3 . p
—A/m for p> 0.6mm. (¢) Determine J for p < 0.6mm. (b) Deter-
0
mine J for p > 0.6mm. (¢) Is there a filamentary current at p = 0? If
so, what is its value? (d) What is J at p=0?

Given the field H = 20p%as A/m: (a) determine the current density J; (b)
integrate J over the circular surface p =1, 0 < ¢ < 27, z =0, to deter-
mine the total current passing through that surface in the a. direction; (¢)
find the total current once more, this time by a line integral around the
circular path p=1,0 < ¢ < 27, z=0.
Point H (Afm) ;
A 11.34a, -13.78a, +14.21a,
Ee Cdl
B 10.68a, -12.19a, +15.382a, ”
~*B
C | 1049, -1219a, +15.69a, D e )
D | 1149, -1378a, +14.35a, : c '
>
A
E | 1l1l1a, -1388a, +15.10a, Ire :F
F | 10.88a, -13.10a, +14.90a, ¥ :
FIGURE 8.23

See Prob. 8.21.
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8.24

8.25

8.26

8.27

8.28

8.29

8.30

8.31

8.32

8.33

8.34

Evaluate both sides of Stokes’ theorem for the field G = 10sinfa, and
the surface r =3, 0 <60 <90°, 0 < ¢ <90°. Let the surface have the a,
direction.

1
Given the field H = Ecosgap - sin%ad) A/m, evaluate both sides of

Stokes’ theorem for the path formed by the intersection of the cylinder
o =23 and the plane z=2, and for the surface defined by p =3,
0<z<2andz=0,0<p<3.

Let G =15ra4. (a) Determine §G-dL for the circular path r=35,
6 =25, 0 <¢ <2 Evaluate [((V x G)-dS over the spherical cap
r=50<60<25,0<¢<2m

The magnetic field intensity is given in a certain region of space as
H :’“Zr#aﬁ%azA/m. (a) Find V x H. (b) Find J. (¢) Use J to
find the total current passing through the surface z=4, 1 <x <2,
3 <z <5, in the a, direction. (d) Show that the same result is obtained
using the other side of Stokes’ theorem.

Given H = (3r/sin@)ag + 54r cos fas A/m in free space: (a) find the total
current in the Ay direction through the conical surface 6 = 20°,
0<¢=<2m 0<r=<S5, by whichever side of Stokes’ theorem you like
the best. () Check the result by using the other side of Stokes’ theorem.
A long straight nonmagnetic conductor of 0.2-mm radius carries a uni-
formly distributed current of 2 A dc. () Find J within the conductor. (b)
Use Ampere’s circuital law to find H and B within the conductor. (¢)
Show that V x H = J within the conductor. (d) Find H and B within the
conductor. (¢) Show that V x H = J outside the conductor.

A solid nonmagnetic conductor of circular cross section has a radius of
2mm. The conductor is inhomogeneous, with o = 10°(1 + 10°p?) S/m. If
the conductor is 1 m in length and has a voltage of 1mV between its
ends, find: (a) H; (b) the total magnetic flux inside the conductor.

The cylindrical shell defined by 1cm < p < 1.4cm consists of a nonmag-
netic conducting material and carries a total current of 50 A in the a,
direction. Find the total magnetic flux crossing the plane ¢ =0,
0<z<l1l: (@) 0<p<l1l2cm; (b) ldcm<p<ldcm; (¢) l4cm
< p<20cm.

The free-space region defined by 1 <z <4cm and 2 <p <3cm is a
toroid of rectangular cross section. Let the surface at p = 3cm carry a
surface current K = 2a. kA/m. (a) Specify the currents on the surfaces at
p=2cm, z=1cm, and z =4 cm. (b) Find H everywhere. (¢) Calculate
the total flux within the toroid.

Use an expansion in cartesian coordinates to show that the curl of the
gradient of any scalar field G is identically equal to zero.

A filamentary conductor on the z axis carries a current of 16 A in the a,
direction, a conducting shell at p = 6 carries a total current of 12 A in the
—a, direction, and another shell at p = 10 carries a total current of 4 A in
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8.35

8.36

8.37

8.38

8.39

8.40

8.42
8.43

8.44

THE STEADY MAGNETIC FIELD

the —a. direction. (a) Find H for 0 < p < 12. (b) Plot Hy versus p. (c)
Find the total flux @ crossing the surface 1 < p < 7,0 <z < 1.

A current sheet, K = 20a, A/m, is located at p = 2, and a second sheet,
K= —10a.A/m, is located at p=4. (a) Let V,,=0 at P(p=3,
¢=0,z=15) and place a barrier at ¢ =x. Find V,(p, ¢,z) for
-1 <¢<m (b) Let A=0 at P and find A(p, ¢, z) for 2 < p < 4.

Let A =(3y—z)a,+2xza, Wb/m in a certain region of free space.
(a) Show that V- A =0. (b) At P(2, —1, 3), find A, B, H, and J.

Let N =1000,7 =0.8A, pp =2cm, and ¢ = 0.8 cm for the toroid shown
in Fig. 8.12h. Find V,, in the interior of the toroid if V,, =0 at
o =2.5cm, ¢ = 0.37. Keep ¢ within the range 0 < ¢ < 2.

The solenoid shown in Fig. 8.115 contains 400 turns, carries a current
I = 5A, has a length of 8cm, and a radius ¢ = 1.2cm. (¢) Find H within
the solenoid. (b) If V,,, = 0 at the origin, specify V,,(p, ¢, z) inside the
solenoid. (¢) Let A =0 at the origin, and specify A(p, ¢, z) inside the
solenoid if the medium is free space.

Planar current sheets of K = 30a, A/m and —30a. A/m are located in free
space at x=0.2 and x=-0.2, respectively. For the region
—0.2 < x <0.2: (@) find H; (b) obtain an expression for V,, if V,, =0
at P(0.1,0.2,0.3); (¢) find B; (d) obtain an expression for A if A = 0 at P.
Let A = (3> —22)a, — 2x?za, + (x + 2y)a, Wb/m in free space. Find
VxVxAat P(-2,3,-1).

Assume that A = 50p%a. Wb/m in a certain region of free space. (a) Find
H and B. (b) Find J. (¢) Use J to find the total current crossing the
surface 0 < p <1,0 < ¢ < 27, z = 0. (d) Use the value of Hyat p =1 to
calculate fH-dL for p=1, z=0.

Show that V,(1/R2) = —Vi(1/Ry2) = Rz]/R%z.

Compute the vector magnetic potential within the outer conductor for
the coaxial line whose vector magnetic potential is shown in Fig. 8.20 if
the outer radius of the outer conductor is 7a. Select the proper zero
reference and sketch the results on the figure.

By expanding Eq. (58), Sec. 8.7, in cartesian coordinates, show that (59)
is correct.
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